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A contribution to the physical analysis 
of separated flows past three-dimensional humps 

C. ROGET ab, J. Ph. BRAZIER a*, J. COUSTEIX a and J. MAWS b 

ABSTRACT. - The aim of this article is to present a few improvements in the understanding of both mathematical and physical aspects 
of three-dimensional separated flows past a protuberance on a flat plate. Only steady laminar incompressible flows are considered here. The 
asymptotic structure of boundary-layer flows with strong viscous-inviscid interaction has been extensively studied by several authors, mainly 
with the triple-deck theory. The first part of this paper presents the results of a systematic analysis of the asymptotic structure when the obstacle’s 
dimensions vary. This work explains why the triple-deck properties are so much characteristic. The three-dimensional boundary-layer equations 
are then solved with a quasi-simultaneous interacting technique, and the results are examined in order to describe the three-dimensional topology 
of the flow. Two types of flows are described, corresponding to a dent and a hump, that exhibit completely different behaviours. 0 Elsevier, Paris 

1. Introduction 

The problem of laminar boundary-layer separation past an obstacle has been investigated by many authors 
for several decades. The theoretical bases rely on the famous Triple-Deck theory (Stewartson, 1969) which 
made it possible to solve the problem of the Goldstein singularity at separation. Following this breakthrough, 
many works, mainly from F.T. Smith, were dedicated to the application of the triple-deck theory to separated 
flows past small two-dimensional humps (for example Smith, 1973, 1981) then three-dimensional ones (Smith 
et nl., 1977, 1980, Sykes, 1980, Bogolepov and Lipatov, 1985), also providing the first numerical solutions. 
This theory was also found valuable for internal flows (for example Smith, 1976a, 1976b, 1980) even if the 
flow behaviour near separation is not exactly the same for a pipe flow and for an external boundary layer. 

The key feature of the triple-deck theory is the strong interaction between the boundary layer and the inviscid 
flow. Adding this interaction to the ordinary boundary-layer equations constitutes the Interacting Boundary Layer 
theory (IBL), which has been used extensively by many authors for two-dimensional flows, giving nice results 
in good accordance with the triple-deck asymptotic solutions. Some critical reviews and numerous references 
can be found in articles by Ragab and Nayfeh (1981), McDonald and Briley (1983), Smith (1986), Henkes 
and Veldman (1987), Rothmayer and Barnett (1991). 

From a numerical point of view, the first IBL methods solved the boundary-layer equations in either direct 
or inverse mode, and the inviscid flow separately. This procedure resulted in low efficiency and instabilities 
when switching between direct and inverse modes. A significant improvement was obtained by Veldman (1979, 
1981) with a new numerical algorithm in which the boundary-layer equations and the subsonic interaction law 
are solved simultaneously. It is then no longer necessary to choose either the direct or inverse mode, since 
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both are included in this procedure. The ellipticity of the Cauchy integral representing the inviscid flow at the 
wall is thereby better taken into account. 

Concerning the three-dimensional fows. some serious difficulties were encountered. due to the ellipticirq 
of the pressure equation. and the appearance of exponential departure solutions when the boundary layer 
equations are solved by step marching. To solve the non-linear triple-deck equations. Smith ( 198.3) proposed ;L 
“skewed shears” formulation, whereas Duck and Burggraf (1986) used a spectral method, solving the Fourier- 
transform of the equations. Edwards & cll. (1987) tested several inverse methods for the three-dimensional 
boundary-layer equations. and Edwards ( 1987) extended Veldman’s simultaneous method to three-dimensional 
interacting boundary layers past indented flat plates. He could evaluate the influence of the Reynolds numbcl 
on such flows. His results were successfully compared with Navier-Stokes solutions (Davis rl I//.. 1989). Smith 
(1991), always with the skewed shears formulation, also obtained numerical solutions for a separated flop; 
past a three-dimensional obstacle with steady interacting boundary-layer equations. and even for the unsteacl) 
triple-deck problem. From a different point of view, Le Balleur and Girodroux-Lavigne ( 1992) computcd 
unsteady three-dimensional separated flows using an integral boundary-layer formulation and a semi-inverse 
coupling algorithm. 

The first part of this paper presents a systematic analysis of the asymptotic structure of the flow past :I 
short-scaled three-dimensional hump, dependin g on the hump’s dimensions. This is similar to the investigation 
of Smith rt ~1. ( I98 I) for two-dimensional obstacles. This systematic approach makes it possible to understand 
the mechanisms of the triple-deck interaction better. Only the main conclusions will be presented here. A full 
discussion can be found in Roget ( 1996). 

In the second part. numerical solutions are computed using the interacting boundary-layer theory. The 
boundary-layer equations and the Cauchy integrals are discretized together and solved simultaneously. using 
integral thicknesses and pseudo-stream functions, similarly to Edwards’ method (Edwards, 1987). Then the 
results for two types of three-dimensional separated flows, past a dent or a hump, are compared and analyzed. 
in order to describe the flow behaviour. 

2. Asymptotic analysis 

2. I. GENERAL mF~wrIoNs 

We consider a steady incompressible laminar flow past a semi-infinite flat plate. The initial two-dimensional 
boundary layer encounters a three-dimensional hump which could lead to separation. This hump is located at 
a distance Lo from the leading edge. The definition sketch of the three-dimensional flow is given in Figure I. 
The Navier-Stokes equations are made dimensionless with I’, , LO, and ,IT~$ for respectively the velocities. 
the lengths and the pressure. The &direction is parallel to the oncoming flow, the &coordinate is normal to 
the plate, and ,Z ’ is perpendicular to the former two, such that (:I,‘,-’ ,!I’) is direct. The velocity components arc 
(lb’, 111’. .I!‘). and /I is the pressure. The Reynolds number is defined as : 

The asymptotic parameter t^ is then introduced : 

/r) > 0 - < 1 i 

where 711 is arbitrary. The hump’s dimensions are also referred to c : 6~: = ic” is the asymptotic length scale in 
the :I:‘-direction, whereas IZ = E? is the asymptotic length scale in the &direction and /, = c ’ is the asymptotic 
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Fig. I. Three-dimensional problem. 

height scale. The wall perturbation shape is thus given as : 

g’ = F(:r:‘. 2’) = ,r j s($c) 

where ,f is of order unity. On the usual way, a Prandtl shift is applied by changing the variables : 

.I’ = .rI ,7 = 2 
I 1, = y,’ - c j f(.,.‘/;” . ,7’/cy ) 

The hump’s equation is now just 1~ = 0. In order to keep the continuity equation unchanged, the following 
velocity components are introduced : 

Three conditions are imposed : 

Physically, this means that the protuberance height is less than the incident boundary layer thickness 
(R+/’ = &J) , and less than its dimensions in the :I: and 2 directions. 

2.2. BOUNDARY LAYER PERTURBATION 

We now study the local structure of the flow in the vicinity of the perturbation. We define the new coordinates 
in the :I: and z directions as : 
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The (X. Z, Y) coordinates are supposed to be of order unity. The Blasius solution Uf, can then be approximated 
using a Taylor expansion around :c E 0 : 

Q,(:r E 0. Y) = Q(Y) + O(E(‘) 

where U”(Y) = U,(Ol Y). The boundary layer perturbations are sought in the genera1 form 

where the gauge p is unknown a priori. The Blasius solution is thus supposed to remain the first-order term 
of the expansion, except in the vicinity of the wall. 

A viscous sub-layer must be introduced to satisfy the no-slip condition at the wall, and another upper layer 
to match the external inviscid flow, giving the well-known triple-deck structure. A systematic analysis of all the 
expansions and equations in the different layers has been carried out by the author (Roget, 1996) to determine 
the layer thicknesses and the gauge functions, depending on the values of the three parameters (Y, /j and y. 

For c)i > y, lz > lz and the flow is two-dimensional. For o < y, lx < IX: and the “corner-flow” problem 
is addressed. So fully three-dimensional problems are encountered only for N = y. Then, depending on the CI 
and p values, four zones have been identified. Figure 2 shows the limits of these four zones depending on 

the hump’s height (h) and horizontal size (L = la: = lz). The details of the demonstration can be found in 
Roget (1996). Zones 1 and 2 have linear equations in the lower deck, whereas zones 3 and 4, corresponding to 
higher protuberances, have non-linear ones. This frontier giving the critical height !I,~ had already been found for 
two-dimensional humps by Smith et al. (1981). Concerning the interaction, all four zones exhibit weak coupling 
properties, but in zones 1 and 3 the lower-deck equations are solved in direct mode with prescribed pressure, 
whereas in zones 2 and 4, corresponding to shorter humps, they are solved in inverse mode with prescribed 
displacement. To illustrate this, we will present the models corresponding to zones number 1 and 4. 

h 

Rl?- Re3@ Ri3/10 

Fig. 2. - Delimitation of the four zones. 
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2.3. MODEL FOR ZONE I 

2.3.1. Upper deck 

The normal variable in this deck is Y* = -$ and the expansions are : 

(1) 

I 

u = 1 + g-” u,* + . . . 

7) = &” v;; + . . . 

‘ll] zr EJ-0 w; + . . . 

p =& ,j-fl pl” + . . . 

All the perturbations have the same gauge. The first-order equations are just linearized Euler equations : 

/ au; av; 
dX 

__ awLr-” 
+ dY* + 82 

au; aPT 
ax dX 

av; a”f ap; -- 
x+i)X” = (fjy* 

aw; aP; -=--- 
\ 3x az 

2.3.2. Main deck 

The normal variable of this deck is Y = L and the expansions are : En’ /2 

(3) 

- 
It should be noticed that the WI gauge is small compared to the Ur gauge. The perturbation in this layer is thus 
quasi two-dimensional. Analytical solutions can be found for the corresponding equations : 

Ul = A(X, 2) $ F = _ a&f, 2) u. 
BX 

where D(X, 2) is such that : 

~wv) _ ap1 
i3X dZ 
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In the viscous sub-layer, the normal v~ariable is i- = -,lj,;l,,,,j and the expansions are : 

lj0 (1’) 
where X = liru - 

~‘--vO Y . 
In contrast to the main deck, both It I and I,@r now have the same gauges. The 

perturbation is thus fully three-dimensional. The equations are linear, due to the dominating position in the II 
expansion of the term XY coming from the Blasius solution : 

Matching the different expansions gives the following relations : 

(6) l;*(o) = 0 Ii111 Ii, = X.3(S. Z) ii-, - D(X. Z) 
i-- , Y- \ xi- 

The upper-deck problem does not depend on the other layers. Using Fourier transforms. an expression giving 
the wall pressure solution of (2) can be obtained : 

In the above equation, the C means “Cauchy principal value”. The lower-deck equations arc then solved with 
prescribed pressure, giving the displacement -4(X. Z), which in turn determines the higher-order main-deck 
solution. The coupling is thus weak, and in direct mode. 

I~I’KOWAU IOIIK\ \I OF hI~(‘H~\\‘I( \ tw’l 1’II)S. VOI 17. \’ 3. IWX 
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2.4. MODEL FOR ZONE -L 

2.4.1. Upper deck 

The normal variable of this deck is again Y* = 5 but due to the degeneracy of the first-order perturbations, 
the expansions now read : 

The first term in v expansion is only due to the Prandtl shift. The equations have lost the source term with f : 

2.4.2. Main deck 

The normal variable of this deck is always Y = L and the expansions are : p/L 

(10) 

with the same expressions 

2.4.3. Lower deck 

The normal variable for 

(11) 

for Ul, Vt, and IV2 that in zone 1 for 171, VI, and I4 1. 

the lower deck is Y = ?/ 
&“- 1)/‘$.3/,,/4 

and the expansions are : 

11, = E ~-“!/21)1 + E co- w+fl!/4~p + . . 

7j = cc j-~l)l2+rj~i4 1;;1 + . . . 

‘W = E j-f,,/:! I/i; + . . . 

1) = E 2 I-11, p1 + . . 
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The inversion of the two terms in the ?I expansion leads to non-linear equations : 

(12) 

2.4.4. Matching 

Matching the different expansions gives the following relations : 

The lower-deck problem must now be solved with a prescribed displacement, equal to f, to obtain the wall 
pressure. Then, given this pressure, the upper-deck provides the second-order displacement function A. The 
coupling is again weak, but now in inverse mode. 

2.5. DISCUSSION 

The four zones thus correspond to different asymptotic structures. On the limit between linear and non-linear 
areas, both terms are retained since they have the same order of magnitude. On the limit between direct and 
inverse modes the strong coupling appears, where upper deck and lower deck depend on each other. The 
hierarchy is there broken. 

In particular, the standard three-dimensional Triple-Deck model (Smith et al., 1977: Bogolepov and Lipatov. 
1985) is found for the values (1 = y = 3m/8 and [3 = 5m/ti, exactly at the cross point of all four zones (label 
T.D. on Figure 2). That explains why it presents least degeneracy for non-linear terms, and strong coupling. 
The triple-deck model thus includes the properties of all four zones. On the opposite side, a special double-deck 
structure (label D.D. on Figure 2) appears, also on the linear/non-linear limit. It corresponds to the point where 
the upper-layer thickness becomes equal to the intermediate layer thickness. The hump is so small there that it 
does not disturb the inviscid flow. This structure is also encountered in pipe flows where there is no inviscid layer. 

A weak coupling makes it possible to solve alternately a sequence of inviscid and boundary-layer problems 
in direct or inverse mode, depending on whether the pressure or displacement is known. On the other hand, 
the strong coupling requires both problems to be solved simultaneously, and an efficient numerical algorithm 
should closely respect this principle. 

3. Interactive model 

It can be shown that both lower-deck and main-deck equations are contained in Prandtl’s three-dimensional 
boundary-layer equations, and the upper-deck equations are equivalent to the small perturbation form of the 
Euler equations. However, the usual matching conditions for the boundary layer with the wall pressure imposed 
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by the inviscid flow induce a weak coupling, and should thus be dropped. An alternative model for finite 
Reynolds number can be developed from the Triple Deck : by a simultaneous solving of the boundary-layer 
and inviscid equations together with the Triple-Deck interaction law, the strong interaction and the Triple-Deck 
structure can be taken into account (Veldman, 1979). This principle has been extended to three-dimensional 
boundary layers by Edwards (1987). The method used here is similar. 

3.1. BOUNDARY LAYER EQUATIONS 

The three-dimensional boundary-layer equations read : 

(14) 

/ au’ av’ 
=+i,l-l+g=o 

au , au’ ‘au ap r3’1L’ 1Ll~+v@+uJ~=-g+-- :, i)Y’” < 
i)fW’ , aw’ ,dw’ 3p a” I”’ lL’3-c’+Vk”+1U-=-‘71f- dz’ + dY’” 

3) o \dY’= 
The space coordinate and the velocity component normal to the wall Y’ and V’ are the usual boundary-layer 
stretched variables : 

Y’ = diG! g’ v’ = diG IJ’. 

With F = &F, the wall no-slip conditions are : 

IL’ = 0 v’ = 0 211’ = 0 for Y’ = F(:c’, z’). 

For convenience, a Prandtl shift is again applied to the boundary-layer equations. This allows us to write 
no-slip conditions at Y = 0 instead of Y’ = F(z: 2). The new variables read : 

I 
Y = Y’ - F(x’,z’) 2 = .d z = z’ 

1 
j/J = v’ - 11’ F - l”’ E 

’ arc’ 32’ 
IL = 11,’ 711 = w’ 

The boundary-layer equations are left unchanged. Then, the normal velocity V is replaced by two stream 
functions $ and q!~ defined as : 

The main advantages of these stream functions are to satisfy the continuity equation automatically and to match 
the integral displacement thicknesses (see below). 

3.2. INVISCID FLOW AND INTERACTION LAW 

The coupling is achieved by matching the normal velocities : 

(15) lq:c’, 2) = 
v&d, 2’) 

die 
with Vh(.x’,z’) = lim 

l-f-+x, 
V’(z’,Y’,z’) + (Z + Z)Y’] 
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where lr and II‘, are the inviscid velocity components at the wall. and C; is the blowing velocity at ~1’ 1 0 
for the inviscid flow, representing both hump and boundary-layer displacement effects. After the Prandtl 
transformation. this equation reads : 

To prevent numerical oscillations in the boundary condition, it is preferable to use the integral thicknesses 
0, and ~52 defined as : 

and (16) is replaced by : 

(17) 
ix: h , 

LX = - 
ill:, hJ i9F’l.i i)FW7, 

il./. +i):-+ -++ 
a il./, a2 

The first two terms of (17) represent the displacement due to the boundary layer. whereas the last two terms 
represent the hump’s contribution. 

The matching conditions for the stream functions are : 

To avoid loss of accuracy in ,qr and (i, due to 1.:, 1’ when 1’ is large, the stream functions are changed into : 

The matching conditions thus become : 

U, and W, can be obtained from the Euler linearized equations with the wall condition taken from (IS) and an 
approximation of ( 17). where tJ, and I+: are replaced by 1.!, (1 and M: 0 or by [TX and IV, in the integrandx : 

with : 

(20) 

Then : 

(21) 
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(22) 

These equations are consistent with the coupling relation of the Triple-Deck theory if U, = 1 and PI/;, = 0. 
r[,.,, and PIT(~) represent the inviscid velocity past the hump without the boundary layer. They are computed 
once at the beginning. Both integral relations (21) and (22) contain the elliptic nature of the problem, which 
requires an iterative solution. 

3.3 FINAL FORM cc THE EQUATIONS 

In the boundary-layer equations, the pressure gradients are replaced by the foregoing expressions coming 
from Euler equations : 

The normal coordinate is then changed into 71 = & where H(:c. Z) represents the computational domain 
height. The new boundary layer equations are : --’ --’ 

( i&J 
TF = H( II - ri, ) 

with the boundary conditions : 

(25) 
‘rI = 0 : ?I, = 0 ‘//I = 0 u’i = 0 4 = 0 

‘/ = 1: II = u, ‘111 = w,, u’i = -U,,& ij zx -u,np. 

- 

These equations are very close to those of Edwards (I 987). We will no longer write the overlines on the stream 
functions in order to clarify the equations. The first two equations of (24) will be called “continuity” equations. 

The principle of the present method is to solve the system of equations formed by (24). (21) and (22) 
simultaneously together with the boundary conditions (25). 

4. Numerical method 

The numerical method is similar to those used in previous works for this kind of problem. A few improvements 
have been made concerning the discretization of the Cauchy integrals and the boundary conditions. 
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4. I. DISCRETEATION OF THE BOUNDARY-LAYER IQUATIONS 

The numerical scheme is a second-order accurate finite-differencing in the x and y directions. The choice of 
a main direction for the flow is more complex than in a two-dimensional case since we know that w can be 
locally greater than U. However we decided to keep (1:x’ as the principal direction of the flow since this will 
be true in the major part of the flow field. 

The various derivative terms are obtained as follow : 
l For the :x:-derivatives, we use a second-order backward scheme. This scheme has been kept everywhere, 

even in the small regions where reversed flow is encountered. No instabilities occurred even in such regions. 
l The x-derivatives are calculated according to the direction of the local streamline. At each point of the 

mesh, the z-derivative scheme uses the previous point (X: - 1) in the z-direction if III > 0 and the next point 
(k: + 1) if 71~ < 0. This means that it takes into account the characteristic direction of the local flow, and is 
similar to the scheme used in the 3-D boundary layer code 3C3D (Houdeville et al., 1993). For an unknown 
function G, we write : 

(or : fY1 = 0 02 = 1 if ui < 0 

where h,(~, -r) is the step size in z direction and k: is the node index along Z. 
l the y-derivatives have been discretized centered around q,j for the momentum equations, and around rjI _ ,jL’ 

for the continuity equations. This difference is due to the fact that there are no second-order derivatives in 
the continuity equations. 

The discretization of system (24) leads to a system of nonlinear equations written from the first point above 
the wall j = 2 to the point just before the upper boundary j = m,,, - 1 for the momentum equations. The 
continuity equations are written from .i = 2 to the upper boundary j = nb,. 

4.2. DISCRETIZATION OF THE INTERACTION LAW 

The two integral relations (21) and (22) have to be discretized. For convenience, we write : 

The discretization of these relations leads to : 

where m,,. and mt are the number of grid points in the :X and z directions, and I”, I”, P” and P’ are 
functions of the mesh steps in the CC and z directions, and of the gridpoint (%, Ic). For the iteration N, at the 
node (i, Jc), the semi-implicit scheme is defined as : 
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where the left-hand side terms are the unknowns, 

Rf;- and R$? are all the terms of the sums already calculated at this iteration N, 
R&T-l and R,A\--~ 

/I, /k are terms not yet calculated but taken from the previous iteration. 

4.3. COMPUTATIONAL PROCEDURE 

The method consists of a forward-marching technique in the CC direction and then in the z direction. At each 
point of the (X,X) domain, the four unknowns U,, W,, 61 and 62 are determined simultaneously. Sweeping in 
5 and z directions is repeated until convergence. The discretization leads to a set of nonlinear equations, which 
are solved with Newton’s method. The Newton iteration will be called local iteration, whereas the iteration over 
all the :!: and z domain used to handle the ellipticity will be called global iteration, 

All the variables U, w, 41 and 4 in the boundary layer can be eliminated to end up with a system of four 
equations with only U,, W,, 61 and 62 as unknowns. Indeed, the discretization of (24) together with the Newton 
method gives a set of equations represented by a 4,4 block tridiagonal matrix with two additional columns due 
to U,, and II:,, which is inverted from the wall to the upper boundary j = m, using the boundary and matching 
conditions. This gives us a system of two equations with four unknowns. The last two relations which allow 
us to solve the entire system are given by (21) and (22). We have now 4 relations with 4 unknowns O;., W,, 
61 and 62, from which the boundary layer profiles can be deduced. 

Due to the second-order backward difference scheme, the values must be given for two z-grid lines upstream 
of the computed domain. To prevent spurious oscillations near the domain entry, the velocity perturbations UP 
and liv,. are linearly extrapolated and Blasius profiles matched with these inviscid velocities are imposed on 
these two grid lines. On the lateral faces, the z-derivatives are taken towards the domain center. Thereby, the 
perturbation is not forced to zero on the domain faces. 

5. Results 

The quasi-simultaneous method has been used to compute high Reynolds number flows past a flat plate with 
various three-dimensional obstacles in order to investigate the flow structure near separation. The results for 
three different shapes will be presented here and compared with other results available in the literature. 

The general obstacle shape is given by the equation : 

y = f(z, 2) = h sech(4(r - 2.5))sech(42) 

The center of the protuberance is located at Lo = 2.5 from the leading-edge. This shape has been previously 
calculated by several authors (Smith, 1991; Edwards, 1987; Davis et al., 1989). Edwards’ results are obtained 
using the quasi-simultaneous method. Those from Davis are solutions of the Navier-Stokes equations in 
vorticity-stream-function formulation. Smith uses a three-dimensional interacting boundary-layer in skewed 
shears formulation, with linear quasi-planar sweeps of the boundary layer. The comparative plots are taken from 
Davis et al. (1989), including the results of Edwards (1987). 
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The first protuberance is a trough (h = -0.M). A calculation with an upstream reference Reynolds number 
of KO 000 has been performed using a 7 I x 7 1 mesh on the surface (.I:. 2) = [I. 51 x [- 1.,5. + 1.51. The grid had 

30 
91 points between !/ = 0 and y = __ 

JIG’ 
A comparison of the axial skin friction distribution at three different z stations (symmetry line. ~0.3 and 

z=O.6) is shown in Figure 3. This figure points out that the results given by the three methods are in very 
good agreement. The positive axial pressure gradient causes the axial skin friction to decrease. giving rise to 
a reversed flow region (negative Cf.,.). On the symmetry line, the separation occurs about .I’ = 2.X. and the 
reattachment takes place around :I’ = 2.G. The spanwise skin friction distributions are plotted in Figure 4 for the 
same V stations. except z=O which is the symmetry line (w=O). The results are still in very good agreement. /_ 
even if minor differences are seen near the symmetry line. No visible oscillations occur on the simultaneous 
solution near the domain entry, thanks to the regularity of the boundary condition. 

5.2. 2.7% THREE-DIMENSIONAL TROUGH 

The second case is a slightly different trough. now with h = -0.027. The Reynolds number is again X0000 
and the same mesh as before was used. The grid influence has been checked by Roget (1996) : the results 
obtained with 7 1 x7 1 or 91 x91 grids in the (:I:. 2) plane are quasi identical. 

Figure 5 shows the skin friction lines for this case. The flow pattern is very similar to the Figure 4 of Edwards 
(1987), obtained with IBL, and the Figure 4 of Davis et nl. (1989) obtained with Navier-Stokes solution. The 
validity of the boundary-layer equations for this kind of problem is thus confirmed. The very good symmetry 
of the result with no artificial symmetry condition imposed can be noticed. The unsymmetrical z-sweeping has 
thus no influence. Two singular points are present in this figure : 

l the saddle point of separation (Delery, 1990, 1992; Peake and Tobak, 1982), which is represented in Figure 6. 
l the reattachment node, which is represented in Figure 7. 
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0.8 I.6 2.4 3.2 4.0 
x 

Fig. 4. - Spanwise component of skin friction - 3 o/c 3-D trough. 

2 3 4 x 

Fig. 5. - Skin friction lines 2.7 5% 3-D trough. 

Figure 5 also shows the “corridor” effect produced by separation on the friction lines topology. No streamline 
coming from upstream can penetrate inside this corridor, while all streamlines inside come from the same point, 
the reattachment point. The frontier is constituted by the separation line, going through the saddle point, and 
along which occurs a congregation of the neighbouring streamlines. This “corridor” effect was predicted by 
previous triple-deck studies (Smith et al., 1977). 

In order to help topological understanding of three-dimensional separation, we study the velocity projections 
in planes zy or zy normal to the wall. It is interesting to draw the pseudo-streamlines of this projected velocity. 
Except in the symmetry plane, these pseudo-streamlines are not real streamlines. Nevertheless, this technique 
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Fig. 6. - Schematic view of a saddle-point. 

Fig. 7. - Schematic view of a node 

provides an appreciable help to understand complex three-dimensional flows when the analysis of the skin 
friction lines is not sufficient. 

The pseudo-streamlines drawn with the (u, V) velocity components in the plane z = 0.043, close to the 
symmetry plane, are shown in Figure 8. A vortex structure obviously appears. Three particular features can be 
pointed out in this figure. First, a stable focus which is the core of the vortex. This focus stands just before 
the centre of the trough (z = 2.5). Second, a separation line (label 2 in the figure) upstream of the vortex: this 
line goes from the wall to the vortex core. The last feature is another separation line (label 1 in the figure): 
this line separates the pseudo-streamlines which go inside the vortex from those going downstream. The former 
are ejected normally to the (2, y) plane. 
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Fig. 8. - Pseudo-streamlines in the plane z = 0.043 - 2.7 %I 3-D trough. 
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Fig. 9. - Schematic view of a horse-shoe vortex 

According to Figures 5 and 8, the flow structure can be identified as a horse-shoe vortex (Delery, 1990, 
1992). The horse-shoe vortex structure is schematically represented in Figure 9. All the streamlines coming 
from upstream are rejected on the side of the horse-shoe vortex (see Tobak and Peake, 1982; Legendre, 1977; 
Yates, 1992). Figure 10 represents the trajectory of a particle coming into the vortex. After several turns, it is 
ejected on the side. This scheme explains Figure 11 on which are plotted some three-dimensional streamlines. 
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The horse-shoe vortex is fed by oncoming streamlines close to the wall and close to the symmetry plane. The 
streamlines coming from the higher part of the upstream boundary layer are seen to cross over the vortex with 
a small transverse deviation. This agrees with the two-dimensional-like equations obtained for the main-deck 
in the asymptotic analysis. 

Fig. 10. - Schematic three-dimensional streamlines - 2.7 % 3-D trough. 

Fig. 11. - Three-dimensional streamlines - 2.7 % 3-D trough. 
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5.3. 3% THREE-DIMENSIONAL HUMP 

The results for this case also come from the papers of Edwards (1987) and Davis et al. (1989). The upstream 
reference Reynolds number is now 60 000 and the same mesh has been used as in both previous cases. 

The limiting streamlines, or skin friction lines, are plotted in Figure 12. This picture is again similar to those 
of Edwards (1987) and Davis et al. (1989). This figure brings into evidence a strong difference in the topological 
layout of the flow between the hump and the trough. The only common feature is that there are two singular 
points on the symmetry line. At the separation point on the symmetry line lies a node called “stable” (Delery, 
1992) since all the skin friction lines converge towards the singular point. The second singular point is found 
downstream on the symmetry line and is a saddle-point. The “corridor” is now upstream of the hump. 

1.0 

z 

0.5 

0.0 

-0.5 

-1.0 
2 3 4 x 

Fig. 12. - Skin friction lines - 3 % 3-D hump. 

The strong difference between the hump and the trough is the result of the spanwise velocity. When separation 
occurs, the spanwise velocity effect is the opposite of that seen in the case of the trough. All the skin friction 
lines are driven towards the symmetry plane. The skin friction lines topology for the hump is close to that 
observed on a hemisphere-cylinder at small incidence (1’) (Peake and Tobak, 1982) whereas the trough has 
the horse-shoe vortex topology. 

Figure 13 shows the pseudo-streamlines plotted with the velocity (u, V) in the plane 2=0.043. For this plot, 
the Prandtl shift has not been reversed. This figure shows a separation line (1) upstream of the reversed region. 
All the streamlines coming from upstream bypass the reversed region. All the streamlines inside come from a 
nodal point called the “focus”. This focus represents the physical axis around which the streamlines turn. A 
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second separation line (2) limits the reversed region downstream. It can be also noticed that there is no closed 
bubble as in two-dimensional separations, except in the symmetry plane. Figure 14 shows schematically the “S” 
shape of the three-dimensional streamlines, which are plotted in Figure 15. No vortex structure can be seen on 
this picture, but one can see that the reversed region is fed by streamlines coming from the sides of the hump. 

0.0060 r ///K//l I - \\\\ 

0.0020 

0.0000 - A 
2.7 2.8 2.9 x 3.0 3.1 3.2 

Fig. 13. - Pseudo-streamlines in the plane z = 0.043 - 3 8 3-D hump. 

Fig. 14. - Schematic three-dimensional streamlines - 3 % 3-D hump 
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Fig. 15. - Three-dimensional streamlines - 3 % 3-D hump. 

Fig. 16. - Helicity density contours - 3 8 3-D hump 
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The helicity density (Levy et al., 1990) is plotted in Figure 16. This helicity density is defined by : 

where I? is the velocity and i;j is the vorticity. This helicity density is a useful variable to put into evidence the 
rotating regions. In this way, looking at Figure 16, two symmetrical vortices with longitudinal axis obviously 
appear downstream of the hump. They turn in opposite directions. 

6. Conclusion 

A systematic asymptotic analysis has been performed for a boundary layer encountering a three-dimensional 
protuberance. Depending on the obstacles asymptotic dimensions, four different structures surrounding the 
well-known triple-deck have been brought into evidence. These four structures are degenerated forms of the 
triple-deck model, but they illuminateits properties, such as the fusion of both weak coupling direct and inverse 
modes towards strong interaction. 

Using the interacting boundary-layer method, grounded on asymptotic considerations, it has been possible 
to study the complex topology of the three-dimensional flow near separation. In particular, the skin friction 
diagrams, the pseudo-streamlines in various planes normal to the wall, and the three-dimensional streamlines 
have been analyzed. 

For the cases considered, some differences were found between the flow over a hump and in a trough. For the 
trough, a “horse-shoe vortex” structure has been demonstrated. On the other hand, for the hump, the reversed 
flow region is smaller in the spanwise direction and there is no “quasi two-dimensional bubble”. In turn, the 
presence of the hump creates two axial vortices downstream of the hump. This leads to the conclusion that the 
structure of the reversed flow region is driven by the spanwise velocity. 

Of course, these results should be confirmed by several other computations or experiments to determine 
possible bifurcations in the flow structure when the Reynolds number or the obstacle’s shape or dimensions 
are modified. Nevertheless, the quasi-simultaneous method constitutes a powerful tool to explore the physical 
structure of the flow for various three-dimensional obstacles. 
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